The problem of finding an energy conserving norm for the solution of the hyperbolic system of partial differential equations du/dt = Adu/dx, subject to boundary conditions, is reduced to the problem of characterizing those matrices appearing in the boundary conditions which satisfy two specific matrix equations. Necessary and sufficient conditions on the coefficient matrix A and the matrices appearing in boundary conditions are derived for an energy conserving norm to exist. Thus, these conditions serve as tests on a given system which determine whether or not the solution will have its energy conserved in some norm. In addition, some examples of specific systems and boundary conditions are provided.
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I. Motivation. Consider the hyperbolic system of partial differential equations (1.5) w2(t, 0) = S2wx(t, 0) and wx(t, 1) = Sxw2(t, 1),
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where Sx and S2 are p x q and q x p matrices, respectively.
Given a symmetric positive definite matrix E, the ZT-energy is defined to be (1.6) E(t)=1-f1o(utEu)dx.
The availability of a priori estimates for E is important in the analysis of both analytical and numerical solutions of the system (1.1), e.g. see Gunzburger [3] . If u is a solution of the system (1.1), then (1.7) f=l-Po(utAtEu+u<EAux)dx.
In order to make the integrand in (1.7) an exact differential, we require that E symmetrizes A, i.e.
(1.8) EA=A*E so that
The existence of a positive definite symmetrizer E for a matrix A has been established by Taussky [6] for exactly those matrices A for which the system (1.1) is hyperbolic i.e., those matrices A similar to a real symmetric matrix. In order to characterize A, Sx and S2 we shall make use of the following lemma:
Lemma 3. Let U and V be p x q and q x p matrices, respectively, and suppose U'FU = G and V'GV = F, where F and G are nonsingular. Then, p = q and U and V are nonsingular. Proof. First, note that G i% q x q and F is p x p. Since the rank of the product of matrices is less than or equal to the rank of each factor, from U^U = G it follows that rank U = q and q < p; and from VfGV = F it follows that rank V = p and p < q. Therefore p = q and U and V are nonsingular. D
We begin the characterization of A, Sx and S2 by: Theorem 1. IfSx and S2 satisfy (1.14), or equivalently (2.2), then they are square of the same size and nonsingular. As a result, if A has distinct real eigenvalues, then necessary conditions for the conservation of the E-energy (where E symmetrizes A) of the solution u{x, t) to (1.1) and (1.5) are:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use On the other hand, suppose that positive diagonal matrices Cx and C2 exist such that Cj5jC2 and CXS2XC2 are orthogonal matrices. Then the choice (2.3) £»1=C^A-1 and D2=C22A2X
will yield (2.2) and, therefore, the ZT-energy will be conserved. □
We summarize the above results in the following characterizations: Corollary 2.1. Let the coefficient matrix A of the hyperbolic system (1.1) have nonvanishing distinct real eigenvalues. Further, let A have an equal number of positive and negative eigenvalues. Then, the E-energy of the solution u(x, t) o/(l.l) and (1.5) is conserved if and only if the matrices Sx and S2 appearing in (1.5) belong to the class of nonsingular matrices for which Sx and S2X can be simultaneously positive diagonally scaled to orthogonal matrices. Corollary 2.2. Let the matrices Sx and S2 which appear in the boundary conditions (1.5) be square, nonsingular, and have the property that Sx and S2X can be simultaneously positive diagonally scaled to orthogonal matrices. Then the E-energy of the solution u(x, t) of (1.1) and (1.5) is conserved for any coefficient matrix A with nonvanishing real eigenvalues which has an equal number of positive and negative eigenvalues.
Proofs. The first corollary is a restatement of Theorems 1 and 2. The second corollary is a consequence of (2.3) from which, given the scalings C, and C2, the positive diagonal matrices At and A2 may be chosen arbitrarily due to the arbitrariness of Dx and D2. Then, choosing arbitrary nonsingular matrices T, we may, by the use of License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Note that with sx and s2 satisfying (2.6), the positive diagonal matrices C = (cx) and C2 = (c2) must satisfy (2.7) cic2 = 1 /t-511 but are otherwise arbitrary. Choosing Cx and C2 to satisfy (2.7), the matrix E for which the ^-energy is conserved can then be constructed by using (2.4).
The 2x2 case is settled by the following theorem: Then, with T given by (3.3), (2.4) yields that
We now check to see if indeed E satisfies all our requirements. It is obvious that E is symmetric and since its eigenvalues are 1 ± p, E is positive definite. Furthermore, -D so that E symmetrizes A. Finally, the ¿-energy is conserved since from (1.9) and (3.2) we see that dE/dt = K{ux(t, l)u2(t, l)-ux(t, 0)u2(t, 0)} = 0.
If the boundary conditions (3.4) are replaced by the conditions w2(t, 0) = vwx(t, 0) and wx(t, 1) = aw2(t, 1), then \vo\ = 1 is necessary and sufficient for the conservation of ¿-energy. Furthermore, the scalars Dx and D2 must be chosen so that DxAx=v2D2A2.
This simple example is of special interest since its ¿"-energy can be related to a physical energy. With A given by (3.1) the system (1.1) is an equivalent to Galilean transformation of the wave equation, and the ¿-energy of the solution of (1.1) is equivalent to the physical energy measured in the transformed space-time coordinates (see Gunzburger [4] for details).
Less trivial examples may be built by choosing boundary matrices of the form (2.8) and (2.9) and also choosing a matrix A. Then coefficient matrices A may be constructed from (1.2) by choosing any nonsingular matrix T. Furthermore, using Then, from (1.12), it can easily be verified that the ¿-energy is conserved.
As further illustrations we list some zero patterns of matrices Sx and S2 satisfy- 
